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Abstract

Below is a set of lemmas, corollaries, and proofs, related to the loga-

rithm of @0, at the intersection of information theory, computer theory,

and set theory.

1 Results

Lemma 1.1. The logarithm of @
0

is not equal to @
0

.

Proof. Assume that @
0

= log(@
0

). If we assume that @
1

= |R| = 2@0 , then it
follows that @

1

= 2log(@0), which leads to a contradiction, since 2log(@0) = @
0

.

Definitions.

(1) ⌦ = log(@
0

).

(2) Assume that a system S is comprised of a countable number of rows,
each indexed by the natural numbers, starting with 1. Now assume that for
each row, there are a number of bits equal to the index of the row. So for
example, in row 1, there is 1 bit, which can be in exactly 21 states, and in row
2, 2 bits, which can be in exactly 22 = 4 states, etc. However, assume S has
a tape head, like a UTM, that can move both up and down rows, and left and
right, thereby reading or writing to the bits in the row at its current index. So
for example, if the head is currently at row 2, it can move left or right, to access
the 2 bits that are in that row. Further, assume that if the head moves either
up or down, then all of the bits in every row reset to zero. So this means that
once the tape head changes rows, all of the information in the entire system is
e↵ectively deleted.
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The number of states that S can occupy is at least @
0

, since it can represent
every natural number. However, S is distinct from a countably infinite binary
string, since changing the row of the tape head causes the entire system to reset,
which implies that only a finite number of bits, all within a single row, can ever
be used in combination with one another. The number of bits in S is therefore
unbounded, but not equal to @

0

, because they cannot be used in combination
with one another, outside of a single row.

Lemma 1.2. The number of states of S cannot be greater than @
0

.

Proof. We can assign finite, mutually exclusive subsets of N to each row i of S
with a cardinality of at least 2i (e.g., use mutually exclusive subsets of powers
of primes). Therefore, the number of states of S cannot be greater than the
number of elements in N, which is equal to @

0

.

Corollary 1.3. The number of states of S is equal to @
0

.

Proof. Every natural number corresponds to at least one state of S, which
implies that the number of states of S is at least @

0

. However, Lemma 1.2
implies that the number of states of S cannot be greater than @

0

, which implies
that they are equal.

Assumption. A system with N states is equivalent to log(N) bits.

This is a standard assumption for finite systems, though in this case, it
implies that S is equivalent to ⌦ = log(@

0

) bits, since S has exactly @
0

states,
just like the set of natural numbers itself.

Lemma 1.4. ⌦+ c = ⌦, for all c 2 R.

Proof. Assume ⌦ + c = X. It follows that 2⌦+c = 2⌦2c = @
0

2c = @
0

, which
implies X = ⌦.

Corollary 1.5. ⌦ /2 N.

Proof. This follows immediately from Lemma 1.4, since there is no such natural
number.

Note that ⌦ � 1 = ⌦, which in turn implies that we can remove any single
row from S, without reducing the number of bits in S, which is clearly the case.

Corollary 1.6. ⌦ < @
0

.
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Proof. We can assign finite, mutually exclusive subsets of N to each row i of S
with a cardinality of at least i (e.g., use mutually exclusive subsets of powers of
primes). Therefore, the number of bits in S cannot be greater than the number
of elements in N, which is equal to @

0

. However, Lemma 1.1 implies that ⌦ 6= @
0

,
and therefore, ⌦ < @

0

.

Corollary 1.7. ⌦ > n, for all n 2 N.

Proof. For any given n 2 N, we can always find a row i of S such that i > n.
Therefore, the number of bits in S is greater than n, for all n 2 N.

Corollary 1.8. There is no set A ✓ N with a cardinality of ⌦.

Proof. Assume such a set A exists. Because ⌦ > n, for all n 2 N, |A| cannot
be finite. Because |A| < |N|, A cannot be countable. All subsets of N are
comprised of either a finite, or countable number of elements, which completes
the proof.

To summarize, the number of bits in S is su�cient to represent all natural
numbers, and the number of states of S is equal to N. If we assume as a general
matter, that the number of bits in a system is equal to the logarithm of the
number of states of the system, then the number of bits in S is ⌦ = log(@

0

).

Corollary 1.9. There is no number of bits X < ⌦, such that X > n, for all

n 2 N.

Proof. Assume that such a number exists, and that for some system S̄, the
number of states of S̄ is 2X . If 2X = @

0

, then X = ⌦, which leads to a
contradiction, so it must be the case that 2X 6= @

0

. Because X < ⌦, the
number of states of S̄ must be less than the number of states of S, and so
2X < @

0

. This implies that we can assign each state of S̄ a unique natural
number, which in turn implies the existence of a set of natural numbers A, such
that |A| > n, for all n 2 N, and |A| < @

0

. Since the existence of S̄ implies the
existence of A, which contradicts Corollary 1.8, S̄ does not exist.

Corollary 1.10. There is no set A such that |A| = ⌦.

Proof. Assume such a set A exists. Since ⌦ < @
0

, we can assign each element of
A a unique natural number, which will in the aggregate generate a set B ⇢ N.
The existence of B contradicts Corollary 1.8, which completes the proof.

This work implies that ⌦ is the smallest non-finite number, and that it does
not correspond to the cardinality of any set.
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